We develop further the formalism of the non-Abelian gauge field theory on a cell complex space-time and show how the gauge-invariant action and the equations of motion for gauge fields interacting with spinors can be written without a reference to the geometrical nature of the cells of the cell complex. 
Introduction
This paper is a research in progress report on the properties of the discrete dynamical systems of gauge fields interacting with spinors on space-times that have no fixed topology or dimensionality. The questions that we are concerned with are: what determines the dimensionality and topology of space-time? Can they be determined dynamically by distribution of matter?
Discrete space-times have been considered both in gravity and in the gauge field theory. Discrete gravity deals with dynamical gravity, typically in absence of matter fields. It has been a subject of considerable research beginning with pioneering work of Regge [1] . More recently spin networks and spin foam has become established approaches to discrete quantum gravity [2] . Lattice gauge theory is a well-defined theory of quantum gauge fields on discrete flat background space-time. It is not considered as a fundamental theory but as a regularization of the continuum quantum field theory and is used as a computational tool. It has brought a wealth of information about QCD that is not obtainable perturbatively [3] . Both discrete gravity and lattice gauge theory assume decomposition of space-time manifold into a collection of D -dimensional cells (simplexes or cubes) and assign dynamical variables to their elements. However, the topology and the dimension of the manifold are fixed during evolution.
Here we take one step further and following [4, 5] consider the configuration of the cells as a dynamical quantity as well. To allow dynamical topology and dimensionality change one has to use dynamical systems on space-times where topology and dimensionality are not fixed. Such a structure is offered by the mathematical construct from algebraic topology that is called the cell complex [6, 7] . Roughly, a cell complex is a collection of geometrical cells of different dimensions that are glued together along some of their faces. Dynamics arises when we associate with each cell components of gauge fields, spinors, and local frames that minimize the action. Then one can think of cell complex as a collection of elementary dynamical systems, "granules" of variable dimensionality, each granule being a cell bearing a finite number of degrees of freedom. In fact, exactly this picture is realized in lattice gauge theories and in discrete gravity theories. Extension of the notion of discrete space-time from cell subdivisions of smooth manifolds to a more general case of cell complex is, therefore, natural. In a way we make the notions of topology and dimension local, just as general relativity made local the notion of flat Minkowski space-time.
To make sense this approach has to clear a number of hurdles. On the classical level the action of the system has to describe discrete versions of the gauge and spinor fields of the continuum and be invariant with respect to symmetries similar to those that exist in the continuum. Additionally, it has to have a natural continuum limit on cell complexes that are triangulations of smooth space-times. Finally, on the quantum level one has to provide a well-defined quantization procedure.
In this paper, which reviews and builds on [4, 5] , we shall deal with the first question and describe how to introduce discrete gauge fields and spinors that transform according to representations of various symmetry groups and how to write down invariant actions that are reasonable candidates for having a continuum limit. Only gauge fields and spinors are considered. Inclusion of gravity and cell complex dynamics in the general scheme shall be considered in the following publications.
The paper is organized as follows. In Section 2 we define non-Abelian cup product on functions on a cell complex. It is the discrete version of the exterior product of differential forms. The cup product is used it to define two non-Abelian gauged coboundary operators. These are the discrete analogs of gauged exterior derivatives that appear in the minimal gauging procedure in the continuum. The fist coboundary operator is not needed for flat space-times, but it is necessary for inclusion of gravity. The second coboundary operator is needed to define the action for spinors interacting with gauge fields. In Section 3 we describe action of permutation, gauge, and frame transformations on a cell complex. In section 4 we define the invariant scalar product on non-Abelian cochains and define the left and the right cap operators as dual to the gauged coboundary operators with the respect to the scalar product. In Section 5 we introduce gauge invariant actions for spinors and gauge fields and derive equations of motion for various systems.
Examples of solutions of the equations of motion are given for ( )
on the simplest non-trivial cell complex -the square. Section 6 contains a summary.
The Cup Product and the Gauged Coboundary Operators
Let K be a cell complex [6, 7] . We shall use a simplified version of the general definition and in our case K is a locally finite collection of cells of dimension p , 
, where x is its defining vertex and a set of abstract unit vectors { }
that point to p nearest neighbor vertices that are linked to x . H is a subset of the set ordering the vertices of K and itself is ordered. The index of the defining vertex index x is taken to be the smallest in H .
A chain on K is a formal sum of cells multiplied with some coefficients. For example, an oriented chain is a sum of . Its action is given by
The fundamental property of the boundary operator is 0
2) This reflects the fact that boundary of a boundary is an empty set. The operator dual to d with respect to the set of characteristic functions is called the coboundary operator,
3)
The coboundary operator δ increases the degree of a cochain by one. As a consequence of (2.2), the coboundary operator satisfies 0 2 = δ . Cochains can be multiplied using the cup product ∪ , the discrete analog of the exterior product of differential forms. The result of multiplication is another cochain. For cubic cell complexes [6, 8] x + denotes the vertex of ( ) H x, located across the big diagonal from x . The cup product on arbitrary cochains is defined extending (2.4) by linearity, whenever multiplication of cochain coefficients is well-defined. It should be noted that another definition of the cup product is frequently used in the literature [9, 10, 11] . This product uses the de Rham and the Whitney maps between cochains and differential forms on a manifold and therefore depends explicitly on the dimension of the manifold. Furthermore, this product is not associative. For these reasons we shall not use it.
The cup product has a number of important properties. It is associative, which means that for any three cochains h g f , , 
where operator A is defined by its actions on p -cochains 
(2.9) it is easy to see that, as a consequence of associativity of cup product and the fact that 0 1 1 10) where { } a is a vertex that is linked to the defining vertex x . This expression coincides with the standard definition of δ as the dual of the boundary operator d .
We now generalize δ to the non-Abelian case. For our purposes we need two similar operators. The operator U δ is parameterized by a 1-cochain U and its action on a cochain V is given by 
(2.13) However, unlike δ its square is generally non-zero, As in the continuum F trivially satisfies the discrete Bianchi identity 0 Since the continuum analog ofδ is the exterior derivative, we recognize the familiar expression for the exterior derivative operator gauged with the gauge fieldW . The same procedure for U δ results in [12, 13, 14] where W is the spin connection. It should be noted that U δ was originally introduced in [15] and rediscovered in [16, 17] .
Continuum analog of this expression appears in the equation for Dirac-Kähler spinors
The values of curvature cochains are easily computable. For example, on each square of K we obtain
where ordering of the vertices and assignment of the values of the gauge cochain is depicted in Fig. 1 . Note that (2.20) explicitly depends on the chosen order of vertices. As an example, assign Euclidean coordinates to the vertices of the square so that{ } ( )
, where a is the size of the square. Then the coefficients of the 1-cochain U can be written as 
(2.21)
Permutation and Internal Gauge Symmetries
In this section we shall consider action of the symmetry groups. We shall begin with the permutation group. Recall that vertices of our cell complex are ordered. All reorderings of the vertices form the permutation group P . The dynamics on the cell complex must be covariant with respect to changing the order of the vertices. Therefore, cochains must transform as representations of P and the action for our dynamical systems must be P -invariant. , f U U = Fig. 1 . Labeling and orientations of the square and its faces. Assignment of gauge transformation 0-cochain Φ , gauge 1-cochain U, and spinor cochain f to the faces.
Action of P on a p -cube amounts to changing the defining vertex of the cube
where H P is ordered and x is the lowest index in H P . Now we can define representation of the permutation group in the space of gauge cochains. Let U be a gauge cochain. The action of P on U is defined by U , otherwise it remains unchanged. Given two permutations 1 P , 2
Therefore, (3.2) forms a non-linear representation of P . Similarly, a linear representation of P can be defined by
Now consider the internal symmetry group G . The internal symmetry transformations are represented by 0 -cochains Φ with value in representation of G . Since we assume that G is compact, we can take its representations to be unitary. Given Φ and a 1-cochain U with values in representation of G , a gauge transformation of U is defined by (4.14) We now define the extension of the two cap products to non-commutative cochains as the adjoints of ∪ with respect to the scalar product (4.1). 
Finally, we can define U ∂ , the adjoint of the gauged coboundary operator U δ , acting on gauge and spinor cochains by
Using (4.10-11), U ∂ , U ∂ can be written in terms of cap products as
Gauge Fields and Spinors on a Cell Complex
We now can introduce dynamics and write down equations of motion. Since we do not have the notion of time to begin with, we shall use of the term dynamics loosely and at this point shall mean by equations of motion simply the solutions of variational problems. Of course, to justify the use of the term equations of motion we will have to prove that the solutions to the variational problems evolve suitably defined initial data. In this section we set 1 
where for each 2 -cell the ± Φ are the Wilson loop variables with positive, respectively, negative orientation. An important property of (5.1) is that, as a result of gauge invariance, it is order invariant, despite the fact that the cup product explicitly depends on the ordering of the vertices of the elementary squares. Namely, All solutions of (5.9-10) for 2 = N can be found using a parameterization of ( ) 
